Let T be a triangulation of a bordered compact surface, and let C be a boundary component of T. Consider the metric on V(T) as determined by the l-skeleton of T. T is isometric with respect to C if for any two vertices of C their distance in Tis equal to the distance on C. Let n be the number of vertices on C, and assume that the number of vertices on all other boundary components of T is o(n). If T is an isometric triangulation of the disk with holes then
Introduction
Let G be a connected graph. If x,yeV(G) are vertices of G, the distance dist(x,y) between x and y is the length of a shortest path joining x and y. Any shortest path between two vertices of G is said to be geodesic. A subgraph H of G is isometric in G if for any two vertices of H their distance in H is equal to their distance in G. The same terminology is used for a simplicial complex (a triangulation) and a subcomplex by considering the l-skeleton of the complex. We refer to [2] for a survey of isometric subgraphs.
A triangulation of a disk D is isometric if the boundary 8D of D is isometric in D.
If a disk D is not isometric then there is a path P in D between two boundary vertices whose length is shorter than the length of the geodesic path between these vertices on aD. Such a path P is called a short cut.
@-@ It may happen that D is isometric but D/e is not. This is the case if and only if e lies on a geodesic path in D between two boundary vertices. This path becomes a short cut after contraction.
If D is isometric but D/e is not isometric for each edge e $ ZD then D is said to be irreducible. The importance of irreducible triangulations is in the fact that every isometric triangulation can be obtained from an irreducible one by a sequence of vertex-splittings.
It is easy to see that in an irreducible triangulation D of a disk every cycle of length 3 is the boundary of a simplex (i.e., it is facial). We say that D is internally hconnected.
In Section 3 we extend the definition of an isometric triangulation (with respect to a distinguished boundary component) to the case of arbitrary compact surfaces with one or more boundary components.
We also extend the definition of irreducibility: the contraction of any nonboundary edge either destroys the isometricity or changes the homeomorphism type of the surface. Our main results are the following. Let T be an isometric triangulation of a disk with holes having n vertices on the distinguished boundary component C. If the number of vertices on all other boundary components of T is o(n), then 1 V(T)\ =SZ(n') (Corollary 4.8) . This result generalizes a theorem of Alon et al. [l] . It is also shown (Theorem 3.9) that the number of irreducible isometric triangulations of a surface S with n vertices on the boundary of S is finite for each n. The proof is done using an interesting lemma which says that for every surface S with a fixed metric, any graph G embedded in S can be re-embedded so that the new embedding is combinatorially equivalent to the original one and all edges have their length bounded by a constant depending only on S and its metric.
Small examples
In this section we determine all the irreducible isometric triangulations of the disk with 4,5 or 6 vertices on the boundary. An isometric triangulation has no edge joining nonadjacent vertices of the boundary, because their distance along the boundary is at least 2. Thus, in an irreducible isometric triangulation, all interior edges lie on geodesic paths between vertices on the boundary of length at least 2. Moreover, if the number of vertices on the boundary is at least 4, then each boundary vertex has an edge that is joined to an interior vertex.
We begin with a disk D whose boundary has edges v1 v2, ~2~3, v3v4, v4v1. If vvr is an edge in the interior, then it lies on a geodesic path of length 2, and so there must be an edge vv3. There might be an edge vv2, but v1 vu2 is not a geodesic path. Similarly, we have edges v2 vv4. Since an irreducible disk is internally 4-connected there is only one irreducible isometric triangulation whose boundary has 4 vertices, and it is given in Fig. 2(a) .
Assume that the disk has 5 vertices v1,v2,v3,vq,v5 in clockwise order on the boundary.
If vu1 is an interior edge, then we must have the edge vu3 or vv4. By symmetry we may assume it is vvj. As above, every edge from v must go to the boundary, we get Fig. 2(b) .
We now assume that the disk has vertices vl, v2, .., , v6. Assume that there is an interior edge pq joining interior vertices p and q, and no interior triangle. The edge must lie on a path of length 3, and so we have v,pqv,. Since pq does not lie on an interior triangle, we have by symmetry triangle v2pq. Since we can not have the edge qu,, we must have pqv,. In the quadrilateral W bounded by v2v3v4q, we have dW(v3, q) = 2 and d&v,, v4) = 2. W and the quadrilateral bounded by v4, v5, v6, q are irreducible isometric disks, and so by the above we get Fig. 2(c) .
We now establish the disks that are determined by restrictions on vertices of degree 4. Suppose that p is an interior vertex of degree 4 whose clockwise neighbors are vi v2qu6, where q is an interior vertex. Edge pq lies on a geodesic path of length 3 that necessarily includes u1 p, so we must have the edge qv4, In quadrilateral Q bounded by qv2v3v4, we cannot have edge v2v4 (a short cut) or edge u3q (v3qv6 is a short cut) so there is a vertex of degree 4 in Q. Similarly, the quadrilateral bounded by qv4u5v6 contains a vertex of degree 4, and we get Fig. 2(c 
The finite number of irreducibles
In this section, we will establish that there are only finitely many irreducible isometric triangulations with a fixed number of boundary vertices. In the proof we will exhibit forbidden subgraphs in triangulations with large number of vertices. Our first lemma describes a subgraph that can not lie in an irreducible triangulation. (1) PinPj={a,b} for i#j.
(2) There is a disk D 2 S containing K. If m>n+ 1 then T is not irreducible.
Proof. Since the paths P, lie in a disk, we can assume that they are in the order PI, P,, . . , P,, such that each pair of consecutive paths PiPi+ 1 bounds a disk, which contains no other of the paths, i= 1,2, .._, m -1. Let k:=L n/2 A+ 1. Consider an edge e in the disk bounded by Pt and Pk+ 1 , The edge e lies on a geodesic path Q joining two vertices of the same boundary component, so Q has length at most k-1. We claim that Q must pass through a and b. If Q passes through at most one of a and 6, then in order to reach the boundary, it must meet Pi or P,. Q must have crossed k of the paths Pi, so Q has length at least k, which is a contradiction. Now consider a triangle (a, c,d} contained in the disk bounded by P, and P,+ 1.
A geodesic path containing the edge cd passes through a and b, and so it looks like . . . a . . . cd...b _.,. Since a is adjacent to c, we must have . . . acd . . . b . . . . This is not a shortest path, since we can go directly from a to d without going through c.
Consequently,
cd does not lie on a geodesic path, and T is not irreducible. 0
The next lemma is used to establish the existence of forbidden subgraphs.
Lemma 3.2. Suppose that a graph G is the union of m (not necessarily disjoint) paths of length at most n 2 2 joining vertices a and b. Given any integer k, there is an integer cr(n, k) such that tf m > cc(n, k), there are vertices A and B that are joined by k disjoint
paths of length at most n.
Proof. We prove the lemma by induction on n. For n = 2, all the paths are disjoint, so we can take '~(2, k)= k. Now let G be a graph that is the union of m paths of length n + 1. Pick a path P and a vertex VE I'(P)\{a, b}. Any path meeting P in v differs from P in either the interval av or bv. If we have at least 2c ((n, k) paths meeting P at v, then at least x(n, k) are different from P restricted to au (or to bv). By the induction hypothesis, there are k paths between A=a and B= v as required.
If there are at least 2(n-l)cc(n, k) paths meeting P, then some 2c ((n, k) meet one point of P, so we find the desired paths.
If G does not have 2(n-l)cc(n, k) paths meeting P, then remove all the paths meeting P. It suffices now to find k-1 disjoint paths between A=a and B= v in the remaining set of paths. If the resulting graph has 2(n -l)a(n, k) paths meeting some path PI, then we have the desired k paths. Continuing, we see that we can take
Solving the recurrence, we find that Proof. Let D be an irreducible isometric triangulation with n vertices on the boundary. For any edge e, there are two vertices x, y on the boundary such that a geodesic path from x to y passes through e. If we have more than (i) z (Ln/2 J, n + 1) edges, then by Lemma 3.2 some two vertices of D are joined by at least n + 2 disjoint paths. Then, we find a subgraph forbidden by Lemma 3.1. C
We extend our definitions of isometry and irreducibility to arbitrary bordered surfaces. Let T be a triangulation of a compact surface with boundary components C1, C2 ..... Ck (k >~ 1). We say T is isometric if for any two vertices x, y in the same boundary component the distance from x to y in T is equal to their distance in the boundary of T. It is isometric with respect to the boundary component Ci (1 ~<i~< k) if for any two vertices x, y on Ci the distance from x to y in Tis equal to their distance on Ci. To distinguish C~ from other boundary components we call it the outside boundary component of T. Call an interior edge e of a triangulation T reducible if its contraction results in a triangulation which is homeomorphic to T (i.e., e is not a noncontractible loop and does not join two boundary vertices of T), and does not lie on a geodesic path between two vertices on the same boundary component of T. Similarly we define an edge which is reducible with respect to Ci. Tis irreducible if no edge in the interior of T is reducible. Similarly, it is irreducible with respect to Ci if no edge in the interior of Tis reducible with respect to C~. Clearly, every isometric triangulation (with respect to C) can be obtained from an irreducible one (with respect to C) by a sequence of vertex splittings.
We would like to extend Theorem 3.3 to more complex surfaces. The following simple lemma is used for disks with holes.
Lemma 3.4. If D is a topological disk with p points removed from the interior, then there are 2 p homotopy classes of simple paths joining two fixed points on the boundary.
Proof. Any path from x to y splits the p points into two sets, and any two paths with the same splitting are homotopic.
Theorem 3.5. For fixed positive integers n and p, there are only finitely many triangulations T such that (a) T is homeomorphic to a disk with p disjoint open disks removed from the interior of the disk. (b) T is irreducible. (c) T is isometric with respect to the outside boundary component. (d) The boundary of T has n vertices.
Proof. The boundary has at most n vertices. Any path joining 2 points on the same boundary component lies in one of the 2 p homotopy classes. We now follow the proof of the previous theorem, but consider 2 p (~)~ ([_ n/2 ], n + 1) edges. We multiplied by 2 p to get enough paths from x to y in the same homotopy class so that Lemma 3.1 can be applied. [] It is easy to construct irreducible isometric triangulations of an oriented surface with two boundary components. Let T be an irreducible isometric triangulation of the disk. Choose pairwise disjoint triangles T~, T2 ..... T o of T that do not meet the boundary. Take two copies of T, remove the interiors of the chosen triangles T/ (i = 1,2, . . . , g) from each of the copies, and identify the boundaries of the corresponding triangles. The result is an irreducible isometric triangulation of a surface of genus g-1 with two boundary components. We will extend our finiteness result, Theorem 3.5, to arbitrary surfaces. In its proof we need three lemmas. We will consider piecewise linear surfaces with a metric. For our purpose we use the following definition. A surface is piecewise linear (PL) if it is obtained from a finite set of pairwise disjoint triangles in the plane by pasting together sides (of pairwise equal lengths) of these triangles. A PL surface S is a metric space where the metric inside any of the triangles is locally inherited from the plane, while globally, the distance between x, YES is equal to the length of a shortest path from x to y. If c is a curve in S with measurable length, we denote by I(c) its length. For cant, denote by I(a) the length of a shortest (measurable) curve homotopic to rr. 
(b) All edges are polygonal arcs. (c) With respect to the new embedding, M(G) < 6, where 6 is a real constant depending on S (and its metric) only.
Proof. Let us first consider the case when S is closed (without boundary). If necessary, add some edges in order that G becomes connected and that it is 2-cell embedded in S. Let XES be a point which lies in the interior of a triangle of S. Pick a>0 small enough so that the c-disk around x also lies in the triangle. Choose a spanning tree T of G, and change the embedding to an equivalent embedding in such a way that each edge of
Tis contained in the s-disk D around x. It is easy to see that this is always possible (by 'shrinking' the edges of T). For an edge sE(G)\E(T),
let C(e) be the cycle of G containing e and edges of T. If C(e) is contractible in S then the embedding of G can be changed to an equivalent embedding in such a way that the disk bounded by C(e) is contained in D, and all edges out of this disk do not change their embedding. So we may assume that for each edge eEE(G), either ecint D, or C(e) is noncontractible.
Moreover, it may be assumed that each such edge out of D is the union of three segments, e=cruauy, where X,"J c D and flnD =finaD consists of two points, rnfi=ar-dD and ynfl=ynaD.
Fixing the points of Gn2D we may re-embed GnD in such a way that every edge in D (including the segments CI and y for all edges of G that emanate out of D) has length at most 2.5 (e.g. by taking a straight line embedding). It remains to show that the p-parts of edges out of D can be re-embedded in such a way that the facial walks remain the same (so the new embedding will be equivalent to the original one) and so that the edge lengths are bounded by a constant depending on S only. The condition for the edges to be polygonal arcs is easy to satisfy. The former requirement will be fulfilled if and only if the local rotation of edges emanating out of D is the same for both embeddings.
This will automatically be satisfied since both embeddings will agree on dD. First we contract the disk D to a point. The remaining edges form a graph H with a single vertex x and several loops, each loop corresponding to an edge of G out of D. The local rotation at the vertex x of H is determined by the local rotation of edges in G emanating from D. Let F be a maximal set of pairwise nonhomotopic edges of H. Consider the embedded graph H' consisting of x and loops in F. Let k be the number of faces of H'. Since no loop in F is contractible and no two of them are homotopic, each face needs at least three loops on its boundary. It follows that 3k < 2 ( F). From Euler's formula we get:
l-x(S)=)V(H')(--(S)>IE(H')\-k>lE(H')j-+[FFJ=+IFJ where x(S) is the Euler characteristic
of S. It follows that the cardinality of F is bounded above by 3(1 -x(S)). Therefore there is a bound for the number of possible local rotations of the graph H' embedded in S. Consequently, there is an embedding of H' such that the local rotation is the same as in H and the edge lengths are bounded by a constant only depending on S. Each edge of E(H)\F is homotopic to an edge of H'. Therefore the embedding of H' gives rise to an embedding of H with the required local rotation at x and edge lengths arbitrarily close to edge lengths of H'. Finally, the obtained embedding of H gives rise to an embedding of G(by 'blowing up' the vertex x of H) with bounded edge lengths.
The proof in case when S has boundary is similar. We may assume that G is connected. Then we choose a spanning tree T of G such that on each boundary component of S all edges but one are in T. Let Ci, . . . , C, be the boundary components of S. Choose a point XiECi for i = 1, . . . ,p. Now change the embedding of G to an equivalent one by 'shrinking' edges of T so that each edge of T either becomes embedded in an s-neighborhood of Xi for some i (1~ i<p), or that the edge joins two vertices in the s-neighborhoods of xi and xj for some 1 < i<j<p. Now contract the e-neighborhoods of xi, . . . , xp into their centers xi. As above we may assume that no edge joining two vertices in the s-neighborhood of xi gives rise to a contractible loop in this way. Let H be the obtained graph in S. It has p vertices xi, . . . , xp. As before we find that there is a bound on the number of homotopy classes of loops at each vertex, and a bound on the number of homotopy classes of edges between xi and Xj
(1 <id j <p). This implies that there is a bounded number of possibilities for embedding the corresponding graph H', and consequently a bound for the edge lengths. Therefore, we get a bound on a corresponding embedding of G. 0 Proof. Fix a PL representation of T. After resizing T, we may assume that every edge has length at most 1. If the result is not true, then there are infinitely many distinct homotopy classes having representatives with lengths at most n. But this contradicts Lemma 3.7. 0
The main result is now evident. Theorem 4.1. There is a constant c> 0 such that any isometric triangulation of the disk with n vertices on the boundary has at least c. n2 vertices. 
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Denote by aDi, the 'boundary' of Di, i.e., the set of all edges of D that are simultaneously contained in a triangle of Di and in a triangle that does not belong to Di. 
Proof.
Since BDO = dD we may assume that i> 1. Let I;E V'(dDi). We first show that its degree in iDi is 2. Let vl,vz, . . . . vk be the neighbors of v in D, enumerated in the same order as they appear on the link of U. A neighbor of u is closer to dD than u is. We may assume this is ol. Let G', be an arbitrary neighbor of o such that UU,E.E(~D~). If PI is a geodesic (vl,dD)-path and P, is a geodesic (v,,aD)-path not crossing P, then the walk W= P; 1 + v1 v + vv,+ P, has length 2i+ 1 and belongs to 9i. Therefore all triangles containing II and lying between u1 and v, (one or the other side) belong to Di.
It follows now easily that aDi contains exactly two edges adjacent to v.
It remains to show that aDi is connected. If aDi contains two distinct cycles C1, Cz they have no vertices in common by the above. Since D is connected there is a path P in Di separating C, and Cz in D. Suppose that P is as short as possible. Let x0,x1, . . . . x, be consecutive vertices on P. Using the minimality of P it is easy to see that dist(xj,dD)=min(j,s-j}.
Since PcD,, its length is at most 2i+ 1 and hence PEpi. Therefore either C1, or C1, together with the disk it bounds, is in Di. q
The following result can easily be established.
Lemma 4.4. Let vl, uz, . . . . uk Proof. For a path P with its endpoints x,y on 8T, let SP be the (x,y)-segment of dT with smaller weight, and let Tp be the subset of T bounded by PUS. Let P be a path in T joining two vertices x, y of ZT and having the length at most 3 such that (a) The weight of SP is as large as possible.
(b) Subject to (a), the number of triangles in Tp is maximal. We may assume that 1 V(dT)l=k>4
and that w(e)<& for each edge eE8T. (Otherwise there is a trivial solution.) Suppose that w(S,)<$.
If P has length 1 or 2, let e be an edge of P and let Q be the triangle of T\ T, containing e. Since the weights of edges are smaller than 4, such a triangle Q necessarily exists. Replacing e on P by the other two edges of Q we get a path P contradicting (b). Therefore the length of P is 3. Let e be the middle edge of P and let Q be as above. 
Proof. Let u1 be given as in Lemma 4.4, and let u be a vertex on 07D which is at distance L n/2 J from u 1. By Lemma 4.4(b) it follows that dist(u,aD,)<2i. Let R be a path between u and u1 which is composed of a geodesic path from u to dDi> the shorter segment on aDi to ol, and RI. Then dist(u,ul)=Ln/2J~)R(d3i+( P'(8Dj)l/2 which implies the inequality of the lemma. 6
Proof of Theorem 4.1. The cycles a&, aDI, ,.., Jo,., r=L(n--4)/6 J, are pairwise disjoint and nonempty by Lemma 4.5. By Lemmas 4.2 and 4.7 E?D, contains at least n -6i -1 vertices and hence
Finally we will exhibit an isometric triangulation Df") of the disk with n vertices on the boundary and 3a2/ 16 + O(n) vertices.
Let Th be the isometric triangulation of Fig. 5 . For even values of n define recursively T, z 7', _ 2 3 . . . I T, 3 T4. Having constructed T,, _ 2 with consecutive vertices u(n -2, I), v(n -2,2), _ . . , v(n -2, n -2) on the boundary, T, is constructed by adding vertices I+, l), u(n, 2), . . , , u(n, n) and the following triangles:
(1) ~(n,ijc(n-2,i-l)v(n-2,i), i=2,3 ,..., n/2, (2) v(n,i+l)v(n-2,i-l)u(ff-2,i) , i=n/2+1,...,n-1, (31 o(n, i + 1) v(n, i) u(n -2, i}, i=cl 7
, -, * _I) n/2, (4) @I, i + 1) v(n, i) u(n -2, i -l), i=la/2+1,n/2+2 ,..., n, where all second indices are assumed to be modulo the first index. Notice that the diametrically opposite vertices u(n, 1) and v(n,n/2+ 1) on ZIT, have degree three, and ail other boundary vertices of Tn (n 2 6) have degree 4. Clearly, T,, has n/2 (n/2 + 1) -1 vertices. Assume that n ~0 (mod 4). Construct D'"' by replacing in Tn its subset Tniz by a single vertex c and triangles u(n/2+1, i)c v(n/2+1,i+l), i=1,2,...,n/2+1. The resulting triangulation of the disk is easily seen to be isometric, and
We easily transform the constructed triangulations by contracting some edges on the boundary to get examples also for the cases when rz $0 (mod4). In a planar graph G we have e<3v-O(1). Therefore v>n '/lS-O(n) . 0 Corollary 4.9 was used in [l] to prove the planar separator theorem of Lipton and Tarjan [3] and to improve the known estimates on the size of a separator.
